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Abstract
We extend the ‘topological inflation’ of Linde and Vilenkin to unstable
monopoles. This allows the monopole to decay; not inflating eternally, as
topological inflation demands. Such a situation happens naturally in some
Grand Unified Theories — such as supersymmetric flipped-SU(5). We analyse
analytically the dynamics of inflating monopoles to determine the equations
governing the expansion, additionally recovering the bound on the scale of
symmetry breaking found numerically by Sakai et. al. The latter half of
this paper is devoted to the Cosmology of inflating unstable monopoles —
which is an example of an inhomogeneous cosmology. We describe how such
a monopole may be formed and how long it inflates for — finding it to be
a random process. We then derive how cosmological parameters, such as
density and temperature, are distributed at the end of inflation, and how the
Universe reheats as the monopole decays. The general conclusion of this work
is that such inflation creates a local region of relatively flat, homogenous and
isotropic Universe surrounded by pre-GUT matter.
∗e-mail: N.F.Lepora@damtp.cam.ac.uk
†e-mail: A.Martin@damtp.cam.ac.uk
1 Introduction.
Inflation is commonly accepted to be an essential ingredient of standard big bang
cosmology. This acceptance is motivated by an overwhelming amount of (circum-
stantial) evidence. It is hard to conceive of another mechanism solving so many of
the unexplained features of non-inflationary big bang cosmology: Why is our ob-
servable universe so flat? Why is it so isotropic and homogeneous? How did the
galaxies clump? Why does all we see seem to have been in causal contact? And so
on. In addition, inflation seems to fit naturally in quantum cosmological versions
of creation; these predict that the universe should collapse quickly (Planck times),
and inflation gives a mechanism for making the Universe large, as we see today.
The standard way to introduce inflation is through vacuum domination: a large
energy density of vacuum produces gravitational effects causing exponential expan-
sion of the distance scale. Because the vacuum does not scale with expansion (unlike
energy density and temperature, which are diluted) this process continues until some
other effect takes over.
However, stopping the above process is difficult — this is referred to as the ‘grace-
ful exit problem’. In addition, since the original matter has been diluted away, one
needs creation of all matter seen today. A sensible postulate is that the inflationary
exit must somehow convert vacuum energy into particles and temperature (which
don’t drive inflation) — this is called ‘reheating’.
A sensible scenario for implementing the above was the ‘old inflationary universe’
scenario of A. Guth [1]. This linked in nicely with the theory of phase transitions
in Grand Unified Theories (GUT’s): in passing through the GUT phase transition
the Universe remains in a long-lived metastable state (by virtue of GUT’s being
first order) of false vacuum, this drives the inflation and then termination proceeds
via quantum tunnelling into true vacuum. This scenario is very attractive because
of its naturalness: it seems fairly likely that GUT’s exist and this scenario can be
a consequence of them. Unfortunately, this scenario does not work: large inhomo-
geneities created by tunnelling out of the inflationary state are incompatible with
observations of homogeneity, such as the cosmic microwave background.
After the old inflationary scenario, modern theories of inflation make use of ad-
ditions to the minimal field theory; contrasting with the old inflation scenario where
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one uses what is given. Also, an important part of modern inflationary scenarios
are the concepts of ‘chaotic inflation’, where the correct initial conditions (provided
the field theory is right) are guaranteed from the ensemble of possible Universes.
However, recently Linde [2] and Vilenkin [2] have put forward a novel new way
to implement inflationary expansion of the Universe: topological inflation. In this
scenario they show that, providing conditions are correct, the core of a topological
defect may undergo exponential inflationary expansion. This scenario was further
elucidated in a paper by A. D. Linde and D. A. Linde [3]. Again, as for the ‘old
inflationary scenario’, such a scenario is natural because one is using GUT phase
transitions to invoke inflation: one is using something that is given anyway.
The central idea of topological inflation is very simple: restored symmetry in
the core of a topological defect gives energy to the vacuum, which drives inflation
of the core of the defect. One expects that the vacuum energy would have to be
sufficiently high, and Vilenkin and Linde claim that the condition is that the scale
of symmetry breaking
η > O(mpl).
The inflation that ensues is eternal, since the defect may never decay. In addition,
quantum fluctuations create a fractal nature of encrusted defects.
They have several well motivated reasons for expecting gravitational effects to
become important in the centre of a defect when the scale of symmetry breaking is
near Planck scale:
• The size of the false vacuum region (the core of the defect) is greater than the
order of the Horizon size corresponding to the vacuum energy at the centre of
the defect (the inverse of the calculated Hubble parameter)
• The Schwarzschild radius, corresponding to the mass of the defect, is greater
then the order of the core radius of the defect.
• For global defects the deficit angle due to gravitational lensing becomes greater
than 2π.
• The usual slow-roll condition on inflation that the potential V (r) must be such
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that ∣∣∣∣∣V ′V
∣∣∣∣∣ <
√
48π
mpl
,
implies that for a potential of Landau type λ(φ2 − η2)2 the scale of symmetry
breaking must be as above. Naively this condition seems the most tentative,
but actually it proves to be the most important.
In addition simulations of global defects coupled to gravity, by Sakai et. al. [4],
confirm the above; additionally yielding the more exact relation:
η >
mpl
4
.
With topological inflation the monopole inflates eternally, since the core is sta-
bilised topolgically and it is the restored symmetry in the core that provides the
vacuum energy for inflation. One may terminate inflation locally by living on the
edge of the core; inflation continues eternally in the centre of the monopole, whilst
at the edge the gauge fields are inflated away, destabilising the scalar field — this
scalar field thus decays terminating the inflation. This has the effect of creating
space and matter in the centre of the core and pushing it outwards. Such a situ-
ation would produce an inhomogenous cosmology on large scales across the region
that has terminated inflation: nearer the core (the place where matter is created)
less time has passed since that region terminated inflation, whilst further away form
the core more time has passed. Therefore as one travels towards the core (across the
region where inflation has terminated) the Universe becomes hotter, more dense,
etc. Such large scale inhomogeneities could be small, depending upon the dynam-
ics of the decay. However, small scale inhomogeneities, i.e. density perturbations,
created from a necessarily close to Planck scale process are large.
Additionally, within the inflating region quantum creation of further monopoles
may happen, which also inflate. One thus ends with a fractal nature of monopoles,
with monopole inside monopoles inside .... All of which inflate.
We wish to contrast with this situation by using unstable field configurations, for
example embedded monopoles. In terms of the fields that make up the configura-
tion there is no difference between a topological monopole and an unstable embedded
monopole, hence unstable embedded monopoles may inflate too. The amount of
inflation achieved will depend upon how long the monopole takes to decay, but we
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shall show later that this duration is probabilistic. Hence, one only needs one such
monopole to randomly live long enough to create what we see today.
Thus in the scenario sketched here, the core of the monopole decays, not inflat-
ing eternally. Furthermore, it seems unlikely that a fractal nature will ensue from
quantum creation of embedded monopoles within the inflating region: we will show
later that the probability of a monopole ‘living’ long enough to inflate is extremely
small.
Thus in the scenario sketched here, an embedded monopole is created randomly
in a long lived inflationary state, it inflates and then decays. The result being a
creation of a region of homogenous, isotropic, flat space bounded by GUT scale
physics. Because there is more inflation at the centre of the core than on the edge
(the vacuum energy is larger) the boundary between GUT physics and the inflated
region is ‘squeezed’ to be very sharp.
The plan of this paper is as follows. Section (2) is a brief review of embedded
monopoles; covering definition, properties, and existence. This serves to set the
scene for section (3), where we couple monopole configurations to gravity facili-
tating investigation of their inflationary properties: we derive when inflation may
take place, recovering the expression of Sakai, et. al., and determine the equations
controlling inflationary expansion. These inflationary equations are used in section
(4) to derive the cosmology — which is inhomogeneous. We extensively connect
monopole inflation to the facets of the standard inflationary scenario. Thus section
(4) is necessarily broad in scope, and we take a chronological view for presentation:
beginning with quantum cosmology, then passing through a discussion of unstable
monopole creation and time for decay, onto their inflationary expansion and decay,
which reheats the universe (discussed in both fast and slow reheat scenarios), finally
ending with the termination of our universe back into the GUT epoch. We conclude
our discussions with section (5).
2 Embedded Monopoles
This section is devoted to a brief review of the existence and properties of embed-
ded monopoles. This sets the scene for coupling such solutions to gravity for an
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investigation of their inflationary properties.
We first define an embedded monopole solution, with relation to its unstable
nature. Then we show how such solutions may be found in GUT’s — i.e. which
GUT’s admit embedded monopoles as solutions, and whether other defects are also
admitted. To illustrate we consider the GUT flipped-SU(5) — we expect this to be
the best situation for the inflationary scenario presented; correspondingly, we give
details on the parameters of that theory, which we shall use later in sec. (4) when
discussing cosmology. Finally, we review the Prasad-Sommerfield approximation to
the monopole‘s profile.
2.1 What is an Embedded Monopole?
The shortest answer to this question is: it is a monopole solution that is not topo-
logically stable — in the sense of Vachaspati, et. al. [5].
To answer the question in more depth, one needs to quickly review the archetypal
topologically stable monopole solution [6] — namely, that in SU(2) → U(1) under
an adjoint representation of Higgs. The Lagrangian density for that theory is:
L = 1
2
{
(DµΦ)
†(DµΦ)
}
− 1
4
tr(FµνF
µν)− λ
(
tr(Φ†Φ)− η2
)2
(1a)
with DµΦ = ∂µΦ− q ad(Aµ)Φ. (1b)
Here the Higgs field Φ and gauge field Aµ take values in L(SU(2)) — for which we
use the usual Pauli spin basis { i
2
σa}. Also, ad(Aµ)Φ refers to the adjoint action of
L(SU(2)) on L(SU(2)); namely, ad(Aµ)Φ = [Aµ,Φ].
The magnitude of Φ is fixed by minimisation of the potential, breaking the
symmetry. However, the direction of Φ is not fixed — with the degeneracy given by
the orientations of the broken U(1) in SU(2) — which is SU(2)/U(1) ∼= S2. In three
spatial dimensions, boundary conditions for configurations are defined upon the two-
sphere at infinity. Thus, we may regard definition of the boundary conditions in this
case as a map S2 → S2 — which admits non-trivial boundary conditions that may
not be deformed continuously to triviality. This solution is the magnetic monopole:
Φ(r) = fmon(r)rˆ, (2a)
Aµ(r) =
gmon(r)
r
ǫµab
iσa
2
, (2b)
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where we are treating Φ to be a vector within L(SU(2)). The above configuration
is imbued stability through the topological nature of the boundary conditions; since
the boundary conditions may not be deformed to triviality, the monopole may not
decay (classically).
An embedded monopole is derived from this basic solution. Consider a general
symmetry breaking G → H , with condensation of a Higgs field Φ. Providing the
group theory allows (see later for clarification), one may choose a subtheory ( the
embedded subtheory) which acts like the SU(2)→ U(1) theory above. By extending
a monopole solution on the subtheory back to the full theory (by making other fields
vanish) one obtains the embedded monopole [5].
However, in extending the monopole solution back to the full theory, one of two
situations may happen as regarding stability:
• The embedded monopole loses its topological nature — this is what we shall
refer to as an ‘embedded monopole’. These are unstable.
• The monopole keeps its topological nature — we shall refer to these as topo-
logical monopoles.
To distinguish, one must examine the topology of G/H . Provided G/H is connected
then one has topological monopoles if the second homotopy group π2(G/H) is non-
trivial.
2.2 How do we find Embedded Monopoles?
Since we shall be using unstable embedded monopoles to cause inflation, it is im-
portant to know which GUT’s admit them. Not all GUT’s do — many only having
topologically stable monopoles. Hence, we shall describe a formalism [7] for finding
embedded monopole solutions.
This prescription for finding embedded defects rests upon the observation that
one may define a specific defect from generators in the Lie algebra. Explicitly
using this correspondence allows one to determine the family structure and stability
properties of the set of embedded solutions. The prescription is group theoretic in
nature; one writes the Lie algebra of G as:
LG = LH ⊕m, (3)
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interpreting the vector space m as the set of generators generating massive gauge
bosons. Correspondingly, it is m which generates embedded defect solutions to the
model. Group theoretic considerations identify the sets of generators that generate
gauge inequivalent families of embedded defects to be the irreducible spaces of m
under the adjoint action of H . Namely, write
m = m1 ⊕ · · · ⊕mN , (4)
with mi irreducible under the transformation of T ∈ mi given by T 7→ Ad(h)T =
hTh−1, for h ∈ H . Then embedded defect solutions are generated by elements in
mi.
Embedded monopole solutions are of the form:
Φ(r, θ) = fmon(r)rˆ, (5a)
A(r, θ) =
gmon(r)
r
ǫµabTb, (5b)
with rˆ a radial vector in the corresponding Higgs’ embedded subtheory. The gener-
ators of the monopole solution are T1, T2 ∈ m2, with the constraints: T3 = [T1, T2] ∈
LH ; the inner product 〈T1, T2〉 = 0; ‖T1 ‖=‖T2‖; and D(e2piT1)Φc = Φc.
Provided G/H is connected, monopole solutions are unstable if the second ho-
motopy group of G/H is trivial.
A couple of examples of theories that admit embedded monopole solutions have
been discussed in the literature. The notable example is flipped-SU(5), which we
shall discuss next. Another example of a theory which has unstable embedded
monopole solutions is Pati-Salam SU4(4), see [13] for a discussion of these.
2.3 Example: Flipped-SU(5)
For a more detailed discussion of embedded defects and their properties in flipped-
SU(5), see [8].
The gauge group is G = SU(5) × U˜(1) [12], which acts on a ten dimensional,
complex Higgs field (conveniently represented as a five by five, complex antisym-
metric matrix) by the 10-antisymmetric representation. Denoting the generators of
SU(5) as T a and U˜(1) as T˜ , the derived representation acts on the Higgs field as:
d(AaiT
a + A˜iT˜ ) = gα
i(T iΦ+ ΦT i
⊤
) + g˜α0T˜Φ. (6)
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Here g and g˜ are the SU(5) and U˜(1) coupling constants, respectively. The corre-
sponding representation of the Lie algebra is the exponentiation of this.
It is necessary for the following discussion to know a couple of generators explic-
itly, namely:
T 15 = i
√
3
10

2
3
13
... 0
· · · · · · · · ·
0
... −12
 , T˜ = i
√
12
5
15. (7)
These generators are properly normalised with respect to a standard inner product
on the Lie algebra.
For a vacuum given by
Φc =
v√
2

03
... 0
· · · · · · · · ·
0
... I
 , where I =
 0 1
−1 0
 , (8)
one obtains breaking to the standard model H = SU(3)c×SU(2)I×U(1)Y provided
the parameters of the potential satisfy η2, λ1 > 0 and (2λ1 + λ2) > 0. The V and
hypercharge fields, and their generators, are given by
Vi = cosΘA
15
i − sin ΘA˜i, TV = cosΘT 15 − sinΘT˜ , (9a)
Yi = sinΘA
15
i + cosΘA˜i, TY = sinΘT
15 + cosΘT˜ . (9b)
where the GUT mixing angle is tanΘ = g˜/g. Then d(LH)Φvac = 0, with the isospin
and colour symmetry groups nestled in SU(5) as
SU(3)c
... 0
· · · · · · · · ·
0
... SU(2)I
 ⊂ SU(5). (10)
Then, to find the embedded defect spectrum one determines the reduction of LG
into LG = LH ⊕m and finds the irreducible spaces of m under the adjoint action
of H . The space m reduces into two irreducible spaces under the adjoint action of
H , which are:
m1 = {αTV : α real}, m2 =

03
... A
· · · · · · · · ·
−A† ... 02
 . (11)
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It is the generators in the space m2 which define embedded monopole solutions
of the form eq. (5). An example of such a pair is: T1 defined from {v⊤1 = (i, 0), v2 =
v3 = 0}, and T2 defined from {v′⊤1 = (0, i), v′⊤2 = v′⊤3 = 0}.
Flipped-SU(5) admits no topologically stable monopole solutions; only embed-
ded monopoles. The reason for this is that the second homotopy group of the vacuum
manifold is trivial. Namely
π2
(
G
H
)
=
π1(H)
π1(G)
=
π1(U(1)Y )
π1(U˜(1))
= 1. (12)
The last step is not as trivial as it first looks — it depends upon the projection of
U˜(1) onto U(1)Y being non-trivial.
Our situation for inflation, which we shall describe later, should work for other
non-topological defects as well. Thus, as regarding monopole type configurations,
it is interesting to speculate whether a Sphaleron [14] type configuration could be
used — we show in the appendix that flipped-SU(5) admits no Sphaleron solutions.
It is necessary to discuss the possible parameter values in flipped-SU(5). The
stringent requirement being equality of isospin and colour gauge couplings at unifi-
cation. The running of the coupling constants is generally dependant upon whether
we are considering the supersymmetric version of the theory or not.
In the non-supersymmetric case the hypercharge gauge coupling does not equal
the values of the colour and isospin gauge couplings at unification. Estimates from
the running of gauge couplings (see [10]) yield at unification the following quantities:
an energy scale of 1016 to 1017 GeV; isospin and colour gauge couplings of about
1/50; and a hypercharge gauge coupling of about 1/37.
For the supersymmetric case one has considerable freedom in the choice of the
breaking scale of super-symmetry and hence in the unification scale and values of
the gauge couplings. However, in superstring motivated flipped-SU(5) the coupling
constants are required to meet [11] — this yields a breaking scale of about 1018 GeV.
2.4 The Prasad-Sommerfield Approximation
For later sections of this paper, namely cosmological applications, it is necessary to
know the profile functions fmon(r) and gmon(r) of the monopole. These may be con-
veniently approximated for part of the parameter space by the Prasad-Sommerfield
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approximation [15].
In the, so called, Prasad-Summerfield limit, where
√
λ/g → 0, then the profile
functions tend towards:
fmon(r) → fPS(r) = η
(
coth(
r
r0
)− r0
r
)
(13a)
gmon(r) → gPS(r) =
(
r
r0
)
sinh(
r
r0
)−1, (13b)
where r0 = (gη)
−1.
Examination of the validity of the Prassad-Sommerfield approximations is dis-
cussed in [16]. They conclude: in the near region (i.e the core) the size of the core
and the profiles are not significantly altered for non-zero
√
λ/g; it is the asymptotic
behaviour that is effected.
Since we shall be interested in the core of the monopole, we shall use the Prassad-
Summerfield approximation whenever necessary.
3 Monopole Inflation
This section is intended to be generally applicable to both topological and embedded
monopoles. After summarising the field theory and monopole solution that we deal
with, we derive when a (topological or embedded) monopole solution may inflate.
We shall also highlight the root of the differences by showing how the topology
of the theory gives rise to eternal inflation for topological monopoles, but not for
embedded monopoles.
We wish to determine when a monopole configuration will undergo exponen-
tial inflation. To determine this one minimally couples (as in eq. (17), below) the
monopole configuration of sec. (2) to gravity.
Our philosophy in deriving the conditions on whether inflation takes place is to
seek an (approximate) steady state solution of these equations. Then from validity
of these equation one determines where in the parameter space inflation occurs.
Since the embedded monopole is not topologically stable it decays. Provided
that it takes a sufficiently long time to decay (see later on this point) enough e-folds
of inflation occur to be compatible with present day observations of flatness, etc.
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3.1 The Field Theory
The field theory we shall be dealing with is stipulated to be of Yang-Mills type
and admits monopole solutions (embedded and/or topological). In general we shall
require it to be physically motivated — i.e. a well motivated Grand Unified Theory.
The Lagrangian density describing the interaction of a Higgs field Φ coupled to
a gauge field Aµ is of the form in eq. (1), but generalised to a general group G
L = 1
2
{
(DµΦ)
†(DµΦ)
}
− 1
4
tr(FµνF
µν)−V(Φ), (14a)
with DµΦ = ∂µΦ− q d(Aµ)Φ. (14b)
Here q represents the charge corresponding to the derived representation d of the
Higgs field (which is a map from LG to actions on Φ and describes how the gauge
field acts on Φ). In general the Higgs potential for a Grand Unified Theory is
necessarily complicated by tr(Φ4) terms, though we shall assume (for simplicity)
that we are dealing with a purely Landau type potential,
V (Φ) = λ
(
tr(Φ†Φ)− η2
)2
. (15)
Conclusions are not expected to change for more complicated potentials.
This theory is stipulated to have a monopole solution (topological or embedded)
and, using the techniques of the previous section, write it as eq. (5):
Φ(r, θ) = fmon(r)rˆ, (16a)
A(r, θ) =
gmon(r)
r
ǫµabTb, (16b)
3.2 The Inflationary Solution of Yang-Mills-Einstein The-
ory
The action representing the minimal coupling of gravity to a field theory, defined by
a Lagrangian L, is
SΦ =
∫
d4x
√−gL (17)
where g is the determinant of the metric tensor.
We shall assume isotropy of the metric tensor. This assumption is equivalent to
assuming that the monopole is created in a spherically symmetric state and decays
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through the zeroth angular momentum decay mode. Hence, we shall take the metric
tensor to be
gab = diag
(
−1, a2(r, t), a2(r, t), a2(r, t)
)
, (18)
where a(r, t) is the usual scale factor — which relates the physical distance scale r′
(at time t) to the initial distance scale r by
r′(t) =
∫ r
0
a(x, t)dx. (19)
It should be noted that the expected derived cosmology shall be isotropic about the
centre of the monopole, but not homogenous in space; thus the scale factor depends
upon distance as well as time. This should be contrasted with Friedman-Robertson-
Walker Cosmologies which assume both homogeneity as well as isotropy. In addition
the Hubble parameter will also depend upon distance from the origin, as well as
time, though it is defined in the usual fashion:
H(r, t) =
a˙(r, t)
a(r, t)
. (20)
The equations of motion of our Yang-Mills-Einstein theory are obtained by vari-
ation with respect to Φ and
√−g. The direction of Φ in Higgs-space becomes
irrelevant, so we shall denote φ =‖Φ‖ (precisely because we are assuming that the
initial configuration and decay are spherically symmetric). Stationarity of variation
yields the field equations:
φ¨+ 3Hφ˙+ Γφ˙+ Ωφ = −dV
dφ
(21a)
H2 ≡ 8π
3m2pl
T00 =
8π
3m2pl
(
V (φ) +
1
2
φ˙2 + a−2(∇φ)2
)
. (21b)
where
Γ = −2A0 , Ω = [DiDi − (∂0A0) + A0A0 − 3HA0]. (22)
We now make some comments on the above equations.
We should comment on interpretation. In the first equation the expansion of the
Universe manifests itself as a damping term proportional to the Hubble parameter,
whilst the term Λ(A)φ˙ represents the interaction between gauge fields and the rate
of decay of the embedded monopole — one can think of the configuration outside
the core as trying to ‘pull’ the core off the peak of the Higgs potential.
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However, the important observation is that, apart from some spatial gradient
and gauge terms, the above equations are the same as the usual equations governing
slow-roll inflation with a scalar potential V (φ). Coupled with the fact that inflation
dilutes spatial gradients and gauge fields to zero, it is now becoming clear how to
proceed: we are looking for an (approximately) steady state solution that is inflating,
so we examine the field equation when gradients and gauge fields are diluted away.
Hence, write the Higgs field for the decaying (through the zeroth angular mo-
mentum mode)monopole configuration as
Φ(r, θ, ϕ, t) = φ(r, t)rˆ (23a)
with φ(r, 0) = ηfmon(r). (23b)
Remember that for a monopole configuration A0 = 0, so Γ = 0 and ΩΦ = −a2∇2Φ.
Ignoring spatial gradients and gauge fields, using (23) and treating φ as a classical
field, the field equations become
φ¨+ 3Hφ˙+ V ′(φ) = 0 (24a)
H2 =
8π
3m2pl
(
V (φ) +
1
2
φ˙2
)
. (24b)
These equations are, of course, the usual slow-roll equations governing inflation.
Inflation occurs in the usual way: providing φ¨ ≪ 3Hφ then inflation happens
whenever the potential is sufficiently flat to satisfy (these equation may be easily
derived from eq. (24) — see [9], for instance)
|V ′′ | ≤ 9H2, (25a)∣∣∣∣∣V ′mplV
∣∣∣∣∣ ≤ √48π. (25b)
In homogenous inflationary scenarios these equations serve to act as a restriction
only upon the parameters of the theory; in the inhomogeneous scenario considered
here they also act as a restriction upon the region of space that may undergo infla-
tion. One interprets the potential energy of the false vacuum at the centre of the
monopole as driving the core to inflate, where the potential is sufficient to do so.
We now determine the parameter space that allows inflation from the above two
conditions.
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Figure 1: F (f) = 2πΛ( η
mpl
)2(f 2 − 1)2 − |f 2 − 1
3
| versus f for three values of
z = 6πΛ( η
mpl
)2. Inflation is possible in the regions where F > 0. The edge of
the defect core is at f = 1.
Initially we take φ˙ = 0 ‡ so that
H2 =
8π
3m2pl
V (φ) (26)
and our first condition for inflation, eq. (25a), becomes
|V ′′| ≤
(
24π
m2pl
)
V. (27)
Setting φ2 = η2f 2, this can be re-expressed as
∣∣∣∣f 2mon − 13
∣∣∣∣ ≤ 2πλ
(
η
mpl
)2
(f 2mon − 1)2 (28)
where fmon is the monopole profile function.
From eq. (28) and fig. (1) we see that if(
η
mpl
)2
≥ 1
6π
(29)
‡In practice, since monopole configurations are formed in collisions involving four or more
bubbles during the phase transition, φ˙ will not always be zero initially. However, for inflation to
occur we still need φ˙2 < V (φ) and so we take φ˙ = 0 as an estimate here. Also if φ˙ 6= 0 initially we
will have non-zero A0 which will tighten the first inflation constraint via eq. (21).
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then inflation is triggered at the centre of the core.
Examining fig. (1) you may be concerned that for |φ| = η/√3 inflation always
occurs. We have neglected the second constraint however. It is straightforward to
show using the second that inflation is only possible at |φ| = η/√3 if(
η
mpl
)2
>
1
4π
(30)
and so if it occurs there, by the first condition it occurs for all |φ| < η/√3.
In conclusion of this section: we conclude that inflation takes place in the core
of the monopole provided that eq. (30) is satisfied.
Before we discuss how the above condition may be realised physically, we shall
quickly mention another feature that restricts theoretical parameters. If we approx-
imate the energy density, ρ, inside the core as V (φ) then it is straightforward to
show that the ratio of the Schwarzschild radius to the core radius is
rschwarzschild
rcore
=
1
2
λ
(
η
mpl
)2
. (31)
This condition constrains λ, from whether or not the inflating region shall be cut
off from the rest of the Universe by an event horizon. When the Schwarzschild
radius is larger than the core radius, then the monopole will be shielded to an
external observer who may see the monopole as a Reissner-Nordstrom black-hole
[2]. In addition this may revive the eternal inflation feature of topological inflation
— by stabilising the monopole-like boundary condition at the horizon, so that the
embedded monopole can not decay.
3.3 Satisfying the Parameter Space
For physical Grand Unified Theories the constraint(
η
mpl
)2
>
1
4π
seems to require a rather high value for the scale of symmetry breaking. We now
describe two physical situations in which such scales should be realised.
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3.3.1 Fundamental String Inspired Theories
In many superstring derived theories it is expected that unification happens at the
superstring unification scale, which is of order 1018 to 1019GeV [17]. These energies
are sufficient to cause inflation in the core of the defect. This is favourable for our
scenario as it is generally believed that supersymmetry is pretty much essential for
discussing GUT scale physics because of the gauge hierarchy problem, and super-
strings seem to be a sensible scenario for this. Therefore we require a sensible string
motivated theory that admits unstable monopole solutions.
The most favourable situation for this seems to be fundamental string derived
flipped-SU(5) [18]. In this it is necessary to introduce several extra extra mass scales
which raise the usual supersymmetric unification point (1016 to 1017GeV) to super-
string unification energies (about 1018 to 1019GeV) [19]. These extra mass scales
seem to be well motivated, and their actual origin would lie within the structure of
the string model.
3.3.2 Interpretation of the Running Couplings
We make this suggestion rather tentatively. The conclusions of this suggestion are,
however, rather successful.
In general the scale of symmetry breaking for a Grand Unified Theory is found
from analysis of the running coupling constants — the region where they come
together yields an estimation of the energy of Unification. Technically, what one is
plotting in these graphs are the coupling constants against the centre of mass energy
of collisions between two particles.
To make numerical estimates of the scale of symmetry breaking one takes this
centre of mass energy to be of the same order as a typical gauge boson, m2X ∼ gη2
to yield a value for η. This should give a good order of magnitude estimation for
the scale, but for more accurate determinations it is difficult to see why the centre
of mass energy at the phase transition and the typical mass of a gauge boson should
be the same.
Instead we postulate that the centre of mass energy (at the phase transition) is
better estimated by the critical temperature of the phase transition. The critical
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temperature of a phase transition is of the form [20]:
T 2c ∼
η2
a + bq2/2λ
, (32)
with the constants a, b ∼ O(1) depending upon the details of the theory, and q is the
value of the coupling constants at unification (we are assuming that the coupling
constants unify, though conclusions are qualitatively unchanged if they do not) which
is typically of order 10−2.
Hence if we take Tc ∼ 1016 − 1017GeV, then we may satisfy the condition in
eq. (32) by fine tuning λ — requiring λ to be less than about 10−5. Coincidentally,
we shall find this value is also required by many of the cosmological constraints on
the model.
3.4 Decay of the Monopole and Links to Topology
The equation eq. (24) describes how the scalar field and gravitational field evolve.
This equation gives information as to how the gravitational metric evolves — de-
scribing the distance scaling and hence inflation. Also contained within this equation
is information as to how the monopole decays, by studying the evolution of the scalar
field.
Eq. (24) describes the evolution of the scalar field through inflation; describing
also the decay of the monopole. Neglecting terms due to gauge fields, which are
diluted away, eq. (24) is
φ¨+ 3Hφ˙ = −dV
dφ
, (33)
strictly speaking Φ is the magnitude of the Higgs field. Assuming that the embedded
monopole has been created in a long lived stationary state is equivalent to requiring
φ¨≪ 3Hφ˙. (34)
Making this approximation yields the equation governing the (slow-roll) decay of φ;
which is
φ˙ =
λη2
H0
φ. (35)
From this equation we may glean some information about how topological nature
relates to eternal inflation.
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Recall that the arguments in this section have been general to both embedded
and topological monopoles; arguments so far relying only on the form of the fields.
The important point about a topological monopole is that because the boundary
conditions are not deformable to triviality then somewhere there must be a zero of
the Higgs field; this argument being invalid for embedded monopoles. In fact, for
embedded monopoles it is to be expected that nowhere is the Higgs field exactly
zero. This is how the topology related to the dynamics: if at some point p we have
φ(p) = 0 then by eq. (35) this point may never decay. Hence, since for a topological
monopole somewhere the Higgs field has to vanish then a topological monopole has
the eternal inflation feature; embedded monopoles don’t.
4 Cosmological Implications
In this section we derive some of the cosmological effects of the mechanism derived
in the previous chapter. Because of the intrinsic inhomogeneity of the inflating
monopoles, the cosmology derived from such is an inhomogeneous cosmology. As an
explicit example we derive in detail how an inhomogeneous cosmology may fit into
‘the standard lore’.
We order this section chronologically. Showing how the model of inflating unsta-
ble monopoles may realistically give rise to a Universe such as we see today. Starting
by outlining how this model may fit into principles of quantum cosmology, we then
go onto discuss how such a monopole may be formed and the conditions created
afterwards. Making such conditions compatible with what we see today serves to
constrain the model, and we explicitly derive some of these constraints. We finish
this section by giving a necessary consequence of such an inhomogeneous inflationary
scenario, namely a different version of the ultimate fate of the Universe.
It should be noted that the version of inflation presented here necessarily solves
the ‘graceful exit problem’.
4.1 The Beginning : Quantum Cosmology
It is generally believed that the Universe spontaneously nucleates out of nothing,
giving an ensemble of possible, randomly initialised Universes. We live in an element
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of this ensemble that is able to evolve to conditions such as we see today. Chaotic
inflation assumes a necessary ingredient of this scenario to be creation in a state of
vacuum domination — which fuels the inflation that is necessary to go from a tiny
region to our large Universe. Although the ensemble is dominated by Universes not
of this form; the probability distribution for our initial conditions is conditional (on
us existing), and therefore that must have been the initial state.
Our scenario may be incorporated into this picture quite naturally. Instead
of stipulating that a necessary initial condition of the Universe must be vacuum
domination large enough to give all the necessary inflation, we instead postulate
creation in a GUT, containing embedded monopoles, with sufficient expansion to
reach the GUT phase transition. Then an embedded monopole created at this phase
transition may achieve the rest of the necessary inflation.
As we shall explain later, the amount of inflation achieved by an embedded
monopole is probabilistic — determined by the initial state of the monopole after
formation. Although a formation of an embedded monopole in such a state is un-
likely, only one is required to achieve conditions today. To weight the expectation,
so that such a situation may happen, a combination of the following two criteria is
required:
• Some amount of pre-expansion, so that many embedded monopoles are formed.
• Many nucleations of Universes similar to the required initial state.
Principles of Quantum Cosmology attempt to prescribe a probabilistic weight
to the initial conditions of the Universe. To properly compare whether embedded
monopole inflation is more likely than chaotic inflation one must properly take ac-
count of the above two conditions. We do not attempt such a calculation. However,
we may compare supersymmetric (SUSY) GUT’s to non-supersymmetric (NON-
SUSY) GUT’s via a simple argument. Since the energy that a Universe will cool to,
before re-collapse, is strongly biased towards higher (i.e Planck scale) energies, one
would expect SUSY GUT’s to be more probable because of their higher unification
scales (other features not withstanding). This bias towards SUSY GUT’s follows for
many other features of the cosmology, as we shall explain later.
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4.2 The Onset of Inflation: at Unification
Provided the Universe is created with sufficient expansion to reach the GUT phase
transition, the symmetry breaks and defects are formed via the Kibble mechanism
[22]. All GUT phase transitions are strongly first order [20], thus the transition
completes by bubble nucleation. We are assuming that the GUT contains embedded
monopoles as part of its defect spectrum; of which flipped-SU(5) is the notable
example, though there are others — such as Pati-Salam SU4(4).
We sketch to the reader how embedded monopoles are formed in such a situa-
tion. Inside each bubble the Higgs field takes a phase. When four bubbles collide
and coalesce, interpolation over the four relative phases in space creates a Higgs-
gauge configuration, which, provided the core is in the symmetric phase, is gauge
inequivalent to the vacuum. Then the time evolution of such a configuration de-
pends upon the exact details of the initial configuration (which is determined by the
timing, orientation and phase of the colliding bubbles).
There is a nice mental picture of the classical time evolution of such a config-
uration. Picture the configuration space (which consists of the field components
and conjugate momenta to the fields) graphed against the configuration’s energy —
this forms a surface within the energy-configuration space. An embedded monopole
configuration (eq. (5)) is the centre of a saddle point within that surface. Now,
when the four bubbles collide and a configuration is formed, one can think of it
as a random point on this surface with a certain random amount of velocity, and
then the classical evolution of that configuration is determined by rolling along the
surface. The ultimate destination being a minimum on the surface, which, providing
the theory has no topological defects, corresponds to the trivial vacuum.
This picture is useful in determining the amount of inflation from an embedded
monopole. As we shall show in the next section, the number of e-folds of inflation
is roughly proportional to the lifetime of the configuration, and cosmologically, one
needs several phase transition times of life. However, the expected time before an
embedded monopole decays is of order one phase transition time. This problem
is resolved by realising that the decay time is in fact probabilistic, and, although
the probability of a bubble collision giving successful inflation is small, providing
enough collisions take place it should happen — after all, we only need one such
20
event to produce a Universe like ours. Such a configuration is created exactly on the
saddle point, or, perhaps moving towards the saddle with just the right amount of
velocity. One can liken the probability of such a configuration being created from a
four bubble collision as akin to shooting three snooker balls at each other and the
collision stopping them dead.
Guessing that the probability distribution of the decay time of the defect is
exponentially tailed, with a mean about one phase transition time (for small times),
the distribution should be something like
P (tdecay > t) = e
− t
α , (36)
where α is the expected decay time, for small times a sensible estimate is α ∼ η−1.
We shall argue later at larger times the parameter α increases.
4.3 Steady State Inflation
After the embedded monopole has started inflating it rapidly reaches an era of steady
state inflation, where the spatial curvature inside the monopole may be neglected.
The subsequent evolution within the monopole can be modelled well quite simply
until the embedded monopole decays and inflation ceases.
We shall use r as a radial coordinate to describe distances, where r was a physical
distance before the onset of inflation. From eq. (5) the Higgs field takes the values
φ(r) = fmon(r)φc, with fmon(r) being the monopole profile function — which is
conveniently approximated by the Prasad-Sommerfield limit for parameter ranges
that we shall consider (see sec. (2.4)). By substituting this into the Landau potential
we may determine the vacuum energy at distance r to be:
V (r) = λ
(
φ†φ− η2
)2
= λη4
(
fmon(r)
2 − 1
)2
. (37)
This decreases monotonically from λη4 at r = 0, to zero at infinity. This variation
in the vacuum energy will produce a variable Hubble parameter with distance, and
hence a variation in the number of e-folds.
To obtain the variation of scale factor a(r) with distance one could calculate the
Einstein equations with a vacuum energy V (r) above. This is clearly a very compli-
cated calculation. Instead we shall make a couple of approximations to simplify the
21
analysis. Firstly, we shall neglect any time evolution of φ(r) — so these calculations
will not deal with decay. Secondly, we shall neglect spatial derivatives in the scale
factor — this is expected to be a good approximation inside the core and at large
distances where the fields have little gradient; also inflation rapidly dilutes spatial
gradients due to expansion of space.
Making these two approximations is equivalent to dealing with a local Friedmann-
Robertson-Walker (FRW) cosmology, described locally by the FRW equations, but
over large distances the parameters change. Hence the equations describing the
evolution of the scale factor are the usual FRW equations, but with a variable
vacuum energy of the form in eq. (37) — this yields:(
a˙
a
)2
+
k
a2
=
8π
3m2pl
V (r), (38a)
2
a¨
a
+
(
a˙
a
)2
+
k
a2
=
8π
m2pl
V (r). (38b)
These equations are self consistent and yield a solution only if k = 0; which shows
they are only a valid approximation once the monopole has passed its initial transient
phase of inflation. The solution is easily obtained to be
a(r, t) = a0 exp
(
H0t(1− fmon(r)2)
)
, with H0 =
√√√√8πλη4
3m2pl
. (39)
Here a0 is the initial scale factor before inflation, which is arbritrary; serving only
as a reference. One interprets the scale factor a(r, t) as meaning: after a time t of
inflation the physical radial coordinate r′ is related to r by the usual scaling relation
r′(r, t) =
∫ r
x=0
a(x, t)
a0
dx. (40)
Also, the Hubble parameter at time t of inflation, at a distance r, is easily calculated
to be
H(r, t) =
a˙
a
= H0
(
1− fmon(r)2
)
, (41)
which is constant in t — as expected. When one is talking about parameters which
vary with distance one should use the physical coordinate r′ to describe them; hence,
we shall plot quantities parametrically against r′. Figs. (2) and (3) illustrate varia-
tion of the Hubble parameter with distance and time — fig. (2) being a snapshot of
the Hubble parameter at times 1/H0, 2/H0, 3/H0, and fig. (3) a snapshot at times
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10/H0, 11/H0, 12/H0. These figures illustrate well the exponential expansion of the
core and homogenisation of the Hubble parameter within the core. The cores ex-
ponential expansion is expected from inflation. The homogenisation of the Hubble
parameter has also a simple explanation: because the vacuum energy is higher in
the centre of the core than at the edge, more inflation happens at the centre, which
effectively pushes parameter variations to the edge of the inflated core.
Knowing the evolution of the scale factor allows one to calculate the temperature
and energy density from pre-inflationary quantities. This will allow us to determine
these quantities at the end of inflation and then use them as initial conditions for
the standard cosmology; hopefully giving some observable variations in quantities
to test our model.
We shall assume that before inflation there was a uniform radiation energy den-
sity ρ0 at temperature Tc, the critical temperature of phase transition. We shall also
assume that once the initial transient phase of inflation is complete the radiation
density does not appreciably effect the evolution of the scale factor in eq. (39); this is
motivated through observing that Universe expansion dilutes ρ whilst not affecting
the vacuum energy density. For radiation, ρ scales as a−4, whilst the temperature
T scales as 1/a. This yields the following two evolution equations:
ρ(r, t) = ρ0
(
a0
a(r, t)
)4
= ρo exp
(
−4tH0(1− fmon(r)2)
)
, (42a)
T (r, t) = Tc
a0
a(r, t)
= Tc exp
(
−tH0(1− fmon(r)2)
)
. (42b)
As always, the spatial variations must be interpreted with the physical distance r′.
We shall now estimate the required number of e-folds of inflation. To do this we
simply estimate the amount of inflation needed to expand the monopole’s core to
a region of our present horizon size. This region is in causal contact with us now,
and hence the number of e-folds of inflation must be sufficient (or more) to create a
region of this size. If there was less inflation we should have observed some effects
from the edge of the inflated core — which are quite severe (see later). We have not
seen such effects.
The initial size of the monopole is, from eq. (13), rcore = 2(gη)
−1. The coupling
constant g is known to be about 1/50 and the scale of symmetry breaking η is
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Figure 2: Hubble parameter (in units of H0) at times 1/H0, 2/H0, 3/H0
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Figure 3: Hubble parameter (in units of H0) at times 10/H0, 11/H0, 12/H0
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required to be about 1018GeV. Hence,
rcore ∼ 10
3
× 10−17GeV−1 ∼ 6× 10−29m, (43)
To estimate the final size of the core after inflation, we estimate H(r) to be H(0) =
H0; this is expected to be correct to within a factor of two or so, and since we shall
be dealing in orders of magnitude it should prove to be a good approximation. This
yields the final core size to be
d(tI) = rcore exp
√√√√8πλη4
3m2pl
tI
 = rcore exp(N), (44)
with N the number of e-folds and tI the duration of inflationary expansion. The
size of the core d(tI) needs to be greater than the size of our presently observable
Universe, which can be estimated from the age of our Universe, which is found from
the present Hubble constant. A standard and simple calculation gives:
duniverse ∼ 6
h
× 1025m, (45)
where h ∼ 0.6− 0.8. We define Ncrit to be the minimum number of e-folds required
to produce a Universe as large as that presently observed; the actual number of
e-folds being expected to be larger than this (though, see sec. (4.9)). Equating
duniverse = rcore exp(Ncrit), one obtains
Ncrit = ln(
2
h
× 104), (46)
and substituting above for h:
Ncrit = 125, (47)
which is pretty much insensitive to the value of h. This solves the horizon problem
in the usual way, since the core of the monopole is in causal contact before inflation.
In addition, the number of e-folds estimated above easily satisfies the bounds on
flatness; which requires the number of e-folds to be larger than about sixty.
Estimating the actual number of e-folds of inflation to be about the critical value,
N ∼ Ncrit, gives us an estimate of how the Hubble parameter, temperature and pre-
inflationary radiation density vary with physical distance r′; this variation being at
the point when inflation is ending, the monopole starting to decay, but reheating
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not yet occurring. Extrapolating figs. (2) and (3) to 125 e-folds of inflation, one
sees that the variation in the Hubble parameter with distance is reasonably uniform
upto the horizon, where a sharp falloff (essentially to zero) takes place. Calculation
verifies, with there only being a one per cent variation in the Hubble parameter upto
distances of (4/5)duniverse.
The distribution in temperature and pre-inflationary radiation density is even
more sharply defined. After 125 e-folds the distribution is approximately:
ρ(r, tI) =
 0.5× 10
−104 × ρ0 r′ < duniverse
ρ0 r
′ ≥ duniverse
(48a)
T (r, tI) =
 10
−26 × Tc r′ < duniverse
Tc r
′ ≥ duniverse
(48b)
This massive dilution of the initial temperature and density of the Universe renders
the initial radiation density completely unobservable. These miniscule remnants will
be absorbed into the radiation produced from reheating, of which the remnants’ con-
tribution will be insignificant. However, conditions before inflation are still present
outside the inflated region. As we can see from the plots the divide is immensely
sharp; due to the scale parameter decreasing sharply to unity at the boundary of
the monopole’s core.
4.4 The End of Inflation : Decay of the Monopole.
It is difficult to model the decay of the monopole. We have derived eq. (35) showing
how the scalar field would decay if all the gauge fields were diluted away by inflation.
However, eq. (35) ignores the gravitational back reaction on the scalar field. Hence,
this equation is of limited use — only in showing the connection between topology
and eternal inflation.
The arguments given in sec. (4.2) indicate how a long lived embedded monopole
may occur. Qualitatively, when the monopole decays there is one of two ways it can
do it:
• Quickly. The embedded monopole lives in a long-lived stationary state and
then all points decay quickly simultaneously. This could happen naturally by
rolling, or could also be due to quantum tunnelling processes.
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• Slowly. Points on the edge of the core decay before points at the centre, with
an appreciable time lag. Should create appreciable large scale inhomogeneities
in cosmological parameters.
We shall assume the quick rolling scenario for simplicity. However, it should be
noted that large scale homogeneities in the slow decay scenario would be severely
decreased by later Universe evolution.
4.5 Reheating
In all models of inflation there is reheating, where the vacuum energy (that does
not scale with expansion) is converted into a radiation energy density which is the
origin of (virtually) all matter we see today. The duration of reheat determines the
temperature (i.e. efficiency) produced. Owing to our model being inhomogeneous,
one may expect variations in the local energy density and temperature.
The mechanism of reheating is unchanged for our model; the only difference
being that not all points in the Universe are necessarily required to reheat at the
same time, or have the same vacuum energy. As usual, we shall neglect spatial
gradients, so as to approximate by local standard cosmologies.
We shall use the old mechanism of reheat; not the new more sophisticated one
(where one treats properly parametric resonance of the scalar field) [23]. We are
motivated into this choice by the comparitive simplicity, and, of course, a proper
theory of reheat should consider the theory of parametric resonance. The scalar
field decays into coherent oscillations around the bottom of the potential well, then
these oscillations decay into radiation. The rate of oscillation decay determines the
rate of reheating.
Assuming the dominant decay width of the Higgs is into the most massive particle
— namely, the Lepto-quark bosons — the decay width may be estimated to be
Γφ ∼ g2mLQ = g3η. (49)
Then the decay time of the coherent oscillations, which is the reheat time, is about
Γ−1. To properly estimate this one should compare it to the Hubble expansion time
at the end of inflation H−1. The ratio of these two quantities gives the number of
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Hubble expansion times for reheating; which is
Γ−1φ
H(r, tI)−1
∼
√
5π
3
(
η
mpl
) √
λ
g3
(1− fmon(r)2). (50)
If Γ−1φ /H(r, tI)
−1 ≪ 1, reheat is practically instantaneous to a temperature
TRH ∼
(
45
4π3g∗
)1/4
(H(r, tI)mpl)
1/2. (51)
For Γ−1φ /H(r, tI)
−1 ≫ 1, reheat is long compared to the relevant Hubble expansion
rate; the Universe then expands as if matter dominated for the time Γ−1, after which
the oscillations are quickly damped — producing a reheat temperature
TRH ∼
(
30
π2g∗
)1/4
(Γφmpl)
1/2. (52)
One should note that this is independent of the Hubble parameter.
Estimating parameters to be g ∼ 1/50, η/mpl ∼ 1/10, one finds the rate of
reheat to be dependent on λ only with the two cases:
λ < O(10−10) ⇒ FAST REHEAT with TRH ∼ η
2
λ1/4(1− fmon(r)2)1/2 (53a)
λ > O(10−10) ⇒ SLOW REHEAT with TRH ∼ 4× 1015GeV. (53b)
There are two notes that one should make. Firstly, for a fast reheat there is
variation with r (distance from the centre of the core), whereas for slow reheat there
is not. Secondly, in this model it is difficult to obtain a low temperature of reheat.
4.6 Evolution of an Inhomogeneous Universe
It is necessary, before the discussion on large scale inhomogeneities after inflation,
to discuss how the Universe evolves with a non-uniform energy density. We shall
model the evolution of such a Universe by the usual approximation: neglecting
spatial gradients and treating as locally FRW.
There are two cases necessary to discuss: radiation dominated or matter domi-
nated. The two cases differ by an equation of state, where the pressure is related to
the energy density,
P =
1
3
ρ, (RADIATION) (54a)
P = 0. (MATTER) (54b)
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The relevance of the different states being that the evolution of coherent oscillations
of the Higgs field during reheating is matter dominated. The evolution of the decay
products being radiation dominated.
Supposing the time at the end a previous era of Universe evolution is t0(r), with
an energy density (matter or radiation) of
ρ(r′, t0) = ρRH(r
′, t0) + ρin(r
′, t0), (55)
the two terms representing the contributions from energy density from reheating
(respectively either a radiation density or a matter density in the form of coherent
oscillations), and the initial radiation density of the Universe. The initial radiation
density was described in section (4.3) — being approximately zero inside the core,
and GUT scale outside.
In modelling the evolution of the Universe we shall ignore the effects of ρin for
the following reason. The initial radiation density has the appearance of a wall; on
our side it is approximately zero and on the other side it is of GUT scale. This wall
would move towards us at the speed of light. Effects on the scale factor and density
are inside the Cauchy surface of such a wall, which coincide with the edge of the
wall itself. In essence, since the wall moves at (approximately) the speed of light, no
effects can be seen until it hits you. This initial radiation density becomes, however,
important at very late times — as we shall discuss in the sec. (4.9).
4.6.1 Radiation Dominated
Neglecting spatial gradients, the evolution equations for the scale factor are locally
FRW, with k = 0,
(
a˙
a
)2
=
8πGρRH(r, t0)
3
(
a(r′, t0)
a(r, t)
)4
(56a)
2
a¨
a
+
(
a˙
a
)2
=
8πGρRH(r, t0)
3
(
a(r′, t0)
a(r, t)
)4
. (56b)
Normalising a(r′, t0) = 1, we obtain the following solution
a(r′, t) = (2H(r, tRH)(t− t0) + 1)1/2 , (57)
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with the consistency relation that the Universe is locally flat (i.e. we may neglect
spatial curvature) when that area of Universe changes its equation of state:
H(r′, t0)
2 =
8πG
3
ρ(r, t0), (58)
which is essentially conservation of energy.
Thus we may calculate the evolution of the Hubble constant and energy density
to be, inside the core of the monopole:
H(r′, t) =
a˙
a
=
H(r, t0)
1 + 2H(r, t0)(t− t0) , (59a)
ρ(r, t) =
ρ(r, t0)
(1 + 2H(r, t0)(t− t0))2
. (59b)
It is important to note that at late times the initial distribution of the Hubble
parameter is homogenised. If one considers (t− t0)≪ 1/H the usual expression for
the Hubble parameter is obtained, i.e. H(r′, t) ∼ 1/(2(t− t0)).
4.6.2 Matter Dominated
The analysis follows through exactly as for the last section: we approximate by
locally FRW Universes, neglecting spatial gradients. We also assume the Universe
is still spatially flat (k = 0), which is to be expected after 120 e-folds of inflation.
Initially the Hubble constant is H(r, t0) and the matter density is ρ(r, t0). The
Universe is supposed to be dust filled, with zero pressure. Thus, the local FRW
equations are:
(
a˙
a
)2
=
8πGρRH(r, t0)
3
(
a(r′, t0)
a(r, t)
)3
(60a)
2
a¨
a
+
(
a˙
a
)2
= 0. (60b)
Normalising a(r′, t0) = 1, we obtain the following solution
a(r′, t) =
(
3
2
H(r, t0)(t− t0) + 1
)2/3
, (61)
with the consistency relation that the Universe is locally flat when that area of
Universe changes its equation of state:
H(r′, t0)
2 =
8πG
3
ρ(r, t0), (62)
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Then the evolution of the matter density and the Hubble constant may be calculated
to be:
H(r′, t) =
a˙
a
=
H(r, t0)
1 + (3/2)H(r, t0)(t− t0) , (63a)
ρ(r, t) =
ρ(r, t0)
(1 + (3/2)H(r, t0)(t− t0))2 . (63b)
As above, at late times the initial distribution of the Hubble parameter is ho-
mogenised. If one considers (t − t0) ≪ 1/H the usual expression for the Hubble
parameter is obtained, i.e. H(r′, t) ∼ 2/(3(t− t0)).
4.7 From de-Sitter to Radiation Dominated Evolution
There are essentially two processes, which may be quick or slow, that determine large
scale inhomogeneities in the distributions of the Hubble constant, energy density and
temperature after inflation. Firstly, the decay of the monopole: which may be quick
or slow. Secondly, the duration of reheat (which depends upon the parameter λ);
in slow reheat the universe evolves with matter dominating coherent oscillations of
the Higgs field before the radiation dominated era.
Hence there are a total of four different situations. For simplicity, we shall assume
the monopole decays quickly (i.e all points simultaneously) and deal with the two
cases of quick and slow reheat.
If the monopole were to decay slowly, any non-simultaneity of decay would be
transmitted into inhomogeneities of the cosmological parameters. We do not discuss
such a case.
4.7.1 Quick Monopole Decay; Fast Reheat
This is the simplest case and is valid for λ < O(10−10). It is possible to implement
this in both SUSY and NON-SUSY field theories. The cosmology goes like:
• Quick monopole decay, freezing in variations of the Hubble parameter, energy
density and temperature.
• Universe reheats quickly from a rapid decay of coherent Higgs oscillations into
radiation, reheating the Universe.
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We now expand upon this sketch, putting values to the variables. To obtain a
Universe at least as large as observed today one needs at least 125 e-folds of inflation
(see eqs. (44) - (47)). For simplicity, assume that this is the exact amount of e-
folding performed. Also assume that the quartic Higgs coupling λ is in the range
10−9 − 1, taking these outer two values for computing. In addition we shall take
η/mpl ∼ 1/10.
Then at the end of inflation the Hubble constant is (from eq. (41)):
H(r, tinf)
1− fmon(r)2 =
3λ1/4η
10
GeV = 5× 1039 − 5× 1041ms−1m−1. (64)
The distribution is very sharp because the physical distance scale scales sharply,
being related to r by r′(r, tinf) =
∫ r
0 exp (125(1− fmon(x)2)) dx.
The scaling of the pre inflationary radiation density is even more severe: having
a miniscule temperature of about 10−26×TcGeV inside the inflated region and about
Tc outside.
The monopole decays quickly, freezing in the above variation of the Hubble
parameter. At all points in space the Higgs field falls down into its potential well,
oscillating around the bottom. These oscillations are coherent and decay quickly
(for the parameters considered here) to a non-uniform temperature:
TRH ∼

η
2
λ1/4(1− fmon(r)2)1/2 r′ < duniverse
Tc r
′ ≥ duniverse
(65)
and by eq. (58) we determine the density to be:
ρ(r, tinf) =

3H
1/2
0
8piG
(1− fmon(r)2)1/2, r′ < duniverse
ρc r
′ ≥ duniverse
(66)
which scales the same as temperature.
The Universe then evolves as radiation dominated, according to eq. (59).
4.7.2 Quick Monopole Decay; Slow Reheat
This case is valid for λ < O(10−10).
• Quick monopole decay, freezing in variations of the Hubble parameter, energy
density and temperature.
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• A long period of reheat, where the Universe evolves with coherent Higgs oscil-
lations defining the equation of state, which is matter dominated. The matter
dominated evolution homogenises the large scale variations in cosmological
parameters.
• A rapid decay of coherent Higgs oscillations into radiation, reheating the Uni-
verse.
We complement this sketch with a more detailed examination of the transition.
The treatment follows as above for the decay of the monopole and hence for
the initial distribution of the Hubble parameter. However, now the coherent Higgs
oscillation take a long time to decay and the Universe evolves as matter dominated
for a time t ∼ Γ−1φ = (g3η)−1. Using eq. (63), one determines the Hubble parameter
to vary as:
H(r, tRH) =
H0(1− fmon(r)2)
1 + 3H0
g3η
(1− fmon(r)2)
, (67)
with
3H0
g3η
∼ 5× 105
√
λ. (68)
Hence as long as λ > O(10−10), the effects of the Higgs oscillations are important on
the variation of the Hubble parameter. For λ≫ O(10−10) these effects homogenise
the Hubble parameter to the value
H(r, tRH) ∼ 2
3
g3η ∼ 5× 1012GeV. (69)
Then the decay of coherent Higgs oscillations is quick, leading to a reheat tem-
perature
TRH ∼ 2
5
(g3ηmpl)
1/2 ∼ 5× 1015GeV. (70)
4.8 Constraints from Gravitational Radiation
It is well known that Planck scale inflationary models produces copious amounts
of gravitational radiation. This gravitational radiation gives a contribution to the
cosmic microwave background [24]. Thus COBE anisotropy measurements constrain
such inflationary models.
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The model of inflation presented in this paper is locally similar to standard mod-
els of vacuum dominated inflationary models; though with the vacuum characterised
by the energy density
ǫ = λη4(1− fmon(r)2)2. (71)
Hence, from [24] the contribution to the quadrupole moment of the cosmic microwave
background is (
∆T
T
)
quad
= 2.4
λη4
m4pl
(1− fmon(r)2)2. (72)
COBE gives the observed quadrupole anisotropy to be (∆T/T )quad ∼ 7 × 10−6.
Estimating (η/mpl) ∼ 0.1 yields the following constraint on λ
λ < 3× 10−2. (73)
It should be noted that there may be other contributions to the quadrupole
anisotropy that may further constrain λ.
4.9 The Universe at Very Late Times
Examining eq. (48), one sees that the divide between the inflated region of space
and the uninflated GUT scale regions is extremely sharp; being completely due to
the scaling of the distance scale, eq. (40). One could also interpret this as a massive
time dilation as one passes from present day physics to GUT-scale physics across
this divide.
The upshot of this is that this scenario for inflation predicts a region of space
akin to our own, but surrounded by a wall of GUT scale energy. Across the wall
there is a massive pressure difference caused by the large density (and temperature)
variation. Such a wall would move into the inflated region at practically the speed
of light.
We have shown previously (eqs. (44) - (47)) that in order to create a region
of space at the end of inflation large enough to contain our presently observable
Universe (i.e. the wall has not hit us) the number of e-folds of inflation has to be
greater than Ncrit = 125. The question is, therefore, given that at least 125 e-folds
of inflation has taken place, how many more e-folds can we expect — i.e. how much
longer do we have before this wall of energy hits us?
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Recall that the number of e-folds of inflation determines the size of the inflated
region by (we are talking about the diameter, assuming the region to be spherical)
duniverse = dcoree
N , where N = H0tdecay, (74)
where the core radius dcore = 2(gη)
−1, H0 is the Hubble parameter of eq. (39) and
the decay time of the monopole is probabilistically distributed as (from eq. (36))
P (tdecay > t) = e
− t
α . (75)
The expected (mean) time of decay is t¯ = α. For small times α ∼ η−1 (determining
whether inflation initiates). After inflation initiates, the characteristic time scale is
the Hubble time H−10 . Thus for large times we estimate α ∼ H−10 and the above
distribution is approximately Poisson, as long as we are conditional on the monopole
not decaying quickly.
Given the number of e-folds of inflation is greater than 125, the Poisson nature
of the probability distribution at large times gives the conditional probability for
the number of e-folds:
P (e− folds > N | N > Ncrit) = exp
(
N −Ncrit
H0α
)
. (76)
This yields the expected number of e-folds of inflation conditional on N > Ncrit to
be
N¯ = Ncrit + 1. (77)
Hence if one estimates the age of our Universe (the time since inflation finished)
to be about 10 − 15Gyr, from which the size of our observable universe is about
1026m. Then the actual size of inflationary universe created in this model of inflation
is probabilistically distributed with a mean of e times this. Before estimating the
amount of time left, one should remember that we are not necessarily at the ‘center’
of the Universe, but somewhere randomly distributed in the Universe that has not
seen the wall of energy coming towards us — this gives a factor of half from our
expected time. Hence we can realistically expect about (e−1)/2×10−15Gyrs, i.e.
about 8− 13Gyrs left §.
§It is amusing to note that if one used η−1 instead as H−1
0
as the characteristic time scale then
one obtains a value 10−4s as the expected time
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5 Conclusions
By nature, the work in this paper is open ended. Hence, in this section we shall
briefly discuss some directions in which the work could be extended. We shall briefly
discuss the consequences of non-spherically symmetric decay; realisation with other
unstable defects; and the cause and observation of large scale inhomogeneities from
such scenarios.
However, firstly we shall give a brief summary of the features of non-topological
inflation as presented in this paper.
5.1 Non-topological Inflation
We consider a Yang-Mills field theory that realistically describes a GUT. Our theory
must have monopole solutions
Φ(r, θ) = fmon(r)rˆ,
A(r, θ) =
gmon(r)
qr
ǫµabTb,
where q is the order of the coupling constants and fmon(r) and gmon(r) are the profile
functions of the monopole. Monopole solutions may be either stable or unstable.
• Coupling the monopole solution to gravity yields inflation provided(
η
mpl
)2
>
1
4π
.
Additionally λ is constrained so that
1
2
λ
(
η
mpl
)2
< 1,
otherwise the monopole becomes a black hole.
• The inflating monopole solution has a Hubble parameter distribution of
H(r, t) =
a˙
a
= H0
(
1− fmon(r)2
)
,
where H0 =
√√√√8πλη4
3m2pl
.
and the physical coordinate r′ is related to r by the scaling relation r′(r, t) =∫ r
x=0
a(x,t)
a0
dx, with a the scale factor which, during inflation, is of the form
a(r, t) = a0 exp(H0t(1 − fmon(r)2)).
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• Topologically stable monopoles inflate eternally: difficult to reconcile with the
present state of the Universe. Unstable monopoles decay probabilistically:
stipulate that we lived in such a monopole that (randomly) lived long enough
for us to exist.
• For the Universe to be as large as we see today (the diameter of the Universe
duniverse ∼ 1026m) one requires the decay time tdecay > 125H−10 . After such
time the distribution of initial density and temperature is:
ρ(r, tI) =
 0.5× 10
−104 × ρ0 r′ < duniverse
ρ0 r
′ ≥ duniverse
T (r, tI) =
 10
−26 × Tc r′ < duniverse
Tc r
′ ≥ duniverse
and the form of the Hubble parameter is also very sharp. Here r′ is the physical
radial coordinate.
• The monopole then decays. Resulting reheat (from coherent oscillations of the
scalar field about the bottom of the potential) slow if λ > O(10−10) and fast
otherwise. Temperature of reheat distributed as:
FAST REHEAT with T ∼

η
2
λ1/4(1− fmon(r)2)1/2 r′ < duniverse
Tc r
′ ≥ duniverse
SLOW REHEAT with T ∼
 4× 10
15GeV r′ < duniverse
Tc r
′ ≥ duniverse
where r is related to the physical coordinate r′ by the scaling relation above.
• After reheating the Hubble parameter is distributed as:
FAST REHEAT with H(r, tRH) ∼

3λ1/4η
10
(1− fmon(r)2) r′ < duniverse
0 r′ ≥ duniverse
SLOW REHEAT with H(r, tRH) ∼

2
3
q3η r′ < duniverse
0 r′ ≥ duniverse
where, as usual, one uses the scaled distance.
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• For inflationary gravitational radiation to be less than present bounds, one
requires:
λ < 3× 10−2.
• The divide between inflationary and non-inflationary region is very sharp and
moves into the inflationary region at (practically) the speed of light. Given
the Universe is at least as large as we see, the conditional expectation value
for the amount of time left before the wall reaches us is around 8− 14Gyrs.
5.2 Non-Spherically Symmetric Decay
In the above treatment of inflation, we have always assumed that our monopole de-
cays through a spherically symmetric mode. Hence, the distribution of cosmological
parameters has also spherical symmetry around the centre of the monopole.
However, there are other decay modes as well as the spherically symmetric one.
Higher decay modes correspond to higher spherical harmonics, and although they
correspond to higher energies, the route by which the monopole decays depends
upon the initial conditions of the monopole — which are random. The spherical
mode we have been using corresponds to the lowest energy mode Y00(θ, φ), higher
energy decay modes correspond to Ylm(θ, φ) harmonics. The lowest harmonic that
is non-spherically symmetric is the Y1m(θ, φ), with m = −1, 0, 1, and gives a dipolar
decay — resulting in an ellipsoidal inflated region.
In general one may expect that the decay is the linear superposition of several
decay modes.
5.3 Realisation with other Defects
Although the treatment, so far, has only been concerned with embedded monopoles,
it does seem likely that it may also be realisable with other defects — such as em-
bedded vortices or embedded domain walls. The important criterion for inflation is
longevity of the defect, which we argue can be due to the defect having a correspond-
ing saddle point in configuration space. Embedded vortices and embedded domain
walls also have saddle points in configuration space, and are thus also inflationary
candidates.
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Each type of defect gives a different symmetry of cosmological parameters: an
embedded vortex should give rise to cylindrical symmetry (with superimposed har-
monic decay modes) and an embedded domain wall would give rise to cosmological
parameters with reflection symmetry.
5.4 Possible Observable Consequences
From our results on the distribution of cosmological parameters after inflation, one
can see that the parameters (temperature, density, Hubble parameter) decrease to-
wards the edge of the inflated region. Since the decrease is so small and is so close to
the edge of the inflated region such inhomogeneities could only be manifest in quan-
tities that originated a very long time ago, just reaching us now. Possible candidates
are either a decrease in the Cosmic Microwave Background temperature (unlikely to
be detectable because of uncertainty in the Hubble constant now); or, more likely,
the Cosmic Neutrino Background temperature (which decouples at about 10−9 sec-
onds). Since the Cosmic Neutrino background has never been observed, this is, of
course, only a speculation.
It should be noted that a non-spherically symmetric Universe (either from higher
monopole decay modes or by using other defects) would give a non-spherically sym-
metric (i.e. non-uniform) contribution to the Cosmic microwave and Neutrino back-
grounds.
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Appendix: The Non-existence of Sphalerons in
Flipped-SU (5)
For the later parts of this paper it is important to know what monopole-type
configurations are solutions to flipped-SU(5). In [8] the motivation for studying V-
strings in flipped-SU(5) came from an analogy in structure between flipped-SU(5)
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and the Weinberg-Salam model. Carrying the analogy further leads to a consider-
ation of the existence of Sphaleron configurations. We shall now show that, rather
surprisingly, such a configuration is not a solution to flipped-SU(5).
If a Sphaleron configuration was a solution to flipped-SU(5) then an embedded
subtheory could be constructed which contains it. The form of the embedded subthe-
ory has to be the same as the Weinberg-Salam model. Namely Gemb = SU(2)×U(1),
with Hemb = H ∩Gemb = U ′(1), where U ′(1) is generated by a linear combination of
a generator of U(1) and SU(2). A little thought shows that Gemb ⊂ SU(5)× U˜(1)
in the following way:
SU(5) × U˜(1)
∪ ‖ (78)
SU(2) × U(1)
with Hemb = U(1)Y . For the breaking Gemb → Hemb to properly mirror that of the
Weinberg-Salam model the generators of the SU(2)-algebra {T, T ′, [T, T ′]} must be
such that
T, T ′ ∈ m2, with [T, T ′] = T 15. (79)
It is this condition that cannot be satisfied.
As {T, T ′, T 15} generate an SU(2)-algebra, the following relation holds:
[T, [T, T 15]] = T 15. (80)
Taking T to be defined as in eq. (11) yields the following relations:
AA† =
1
5
13, (81a)
A†A = − 3
10
12, (81b)
which gives
v†ivj =
1
5
δij. (82)
Since vi is a two-component complex vector, eq. (82) says that we must find three
orthogonal vectors in a two-dimensional vector space. This is impossible.
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